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1 Abstract 



The purpose of this hcentiate thesis is to present Bukhgeim's resuh of 2007, 
which solves the inverse boundary value problem of the Schrodinger equation 
in the plane. The thesis is mainly based on Bukhgeim's paper [B] and Kari 
Astala's seminar talk, which he gave the 11**^ and 18*^ September of 2008 at 
the University of Helsinki. 

Section 3 is devoted to the history and past results concerning some re- 
lated problems: notably the inverse problem of the Schrodinger and conduc- 
tivity equations in different settings. We also describe why some of the past 
methods do not work in the general case in a plane domain. 

Section 4 outlines Bukhgeim's result and sketches out the proof. This 
proof is a streamlined version of the one in [B] with the stationary phase 
method based on Kari Astala's presentation. In the following section we 
prove all the needed lemmas which are combined in section 6 to prove the 
solvability of the inverse problem. 

The idea of the proof is simple. Given two Schrodinger equations with the 
same boundary data we get an orthogonality relation for the solutions of the 
two equations. Then we show the existence of certain oscillating solutions 
and insert these into the orthogonality relation. Then by a stationary phase 
argument we see that the two Schrodinger equations are the same. 

In the last section we contemplate an unclear detail in [B] which Kari 
Astala pointed out in his seminar talk: without an extra argument Bukhgeim's 
proof shows the solvability of the inverse problem only for differentiable po- 
tentials instead of ones in U'{Q). But the special oscillating solutions exist 
even for U'{Q) potentials. 
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2 Notation 

We use the following notation related to sets, functions and differential op- 
erators. We identify and C 

• fl denotes the open unit disc centered at the origin of M^. 

• If X C then dX is its boundary. 

• R—{z — Zq^ + {z — z^y, where z,Zo E C are clear from the context. 

• dj denotes differentiation with respect to the variable Xj. 

• dn denotes the normal derivative on some boundary. 

• d — ^{81 — 182} and d — ^{di + id2) denote the two complex derivatives. 

• A = (9f + (9| = Add is the Laplacian. 

Definition (Function spaces). We will need the following few function spaces. 
The notation is standard except for the space of piecewise W^'^ functions, 
which we denote by W^'^. 

• LP{X), 1 < p < 00, denotes the space of measurable functions / 
such that l/l^ is integrable when p < 00 or such that |/| is essen- 
tially bounded when p = 00. Sometimes we write LP{X, z) to denote 
that the variable of / is 2;. We use the norms 



Lv{x) = ^j \f{z)\P dm{z)) \ p<oo, 
L°°(x) = ess sup |/(^)|. 



(1) 



• C"(X), < a < 1, denotes the Holder space of continuous functions 
f : X ^ C for which the Holder norm 

WfWc^m = sup |/(.)| + sup (2) 

is finite. If a = 1 we denote the space by Lip{X) instead of C^{X). 
This is only used in one of the lemmas in the appendix. 

• C'CX) with k eN denotes the space of k times continuously differen- 
tiable functions X ^ C If 0? is the dimention of the space, the norm 
is 

ICHX)- E supiar •••97/(^)1. (3) 



mi- 



\-md<k 
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• W'^'PiX), k e N, 1 < p < oo, denotes the Sobolev space consisting 
of LP{X) functions / whose distribution derivates up to order k also 
belong to U'{X). The norm is defined by 

\\f\\w'^^Hx)={T.P''f\\Ux)Y'^P<^^ 

\a\<k (4) 

• W^'^{Q), k E N, 1 < p < oo, denotes the space of piecewise W'^'P 
functions. More precisely W^'^\Q) is the set of those / G Lp{Q) for 
which there exist finitely many pairwise disjoint open sets flj with 
Lipschitz boundary such that f\^i. e W'''P{flj) and Q = UQj. For 

the norm we define \\f\\wi^,P(^^) = ( Eill/|nJ^fe,p(o^))^^^ if p < oo and 
~ l|w'=>°°(Qj)- Note that this definition of the 

norms does not depend on the choice of the sets 

Definition. Given s e]0, oo] we denote by either the L*(f2) or the C^{fl) 
Holder norm. The L^{Q) norm is chosen when s > 1 and the Holder norm 
when < s < 1. 
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3 History 



This small review of results concerning the inverse boundary value problems 
for the conductivity and Schrodinger equations is based on introductions in 
[A, P] and [Na]. The inverse problem for the conductivity equation can be 
reduced to that of the Schrodinger equation. To transform the conductivity 
equation V-{'j'Vu) = into the Schrodinger equation Av-\-qv = it is enough 
to do the change of variables u = '-f~2v, q = —j^^Aj^, The Dirichlet-to- 
Neumann map for the new equation can be recovered from the boundary 
data of the old one: A, = 7^2 (A^ + ||^)7~^. The majority of the results 
cited below were proven for the conductivity equation or the Schrodinger 
equation having a potential of the conductivity type. 

One of the early important papers on inverse boundary value problems 
is the famous paper of Calderon [C]. He considered an isotropic body fl 
from which one would like to deduce the electrical conductivity 7 by doing 
electrical measurements on the boundary. If we keep the voltage u fixed as 
/ on the boundary, then u solves the boundary value problem 

v-(7Vm) = o, n 

u = J, oil. 

The weighted normal derivative ^dnU is the current flux going out of Q. 
Calderon asked whether the knowledge of the Dirichlet-to-Neumann map 
A^ : / I— )■ jdnUiQ^ determines the conductivity 7 inside the whole domain Q. 
He was only able to show the injectivity of a linearized problem near 7 = 1. 

Sylvester and Uhlmann solved the problem in dimensions d > 3 for 
smooth conductivities bounded away from zero [S,U]. They constructed so- 
lutions of the form Uj = e^ ''^ (l + where the complex vectors Q 
satisfy 

Ci = iik + m) + l, 
(2 = i{k — m) — I, 

where l,k,m e are perpendicular vectors satisfying |/p = + |mp. 
Using a well-known orthogonality relation for the potentials qi and 52 they 
got 

= Jiqi- q2)u,U2dx = J {q, - ?2)e''"-'=(l + 0{j^^))dx, (7) 

and after taking |m| — > 00 they saw that the Fourier transforms of qi and q2 
are the same, so the potentials are too. Note that the only part that requires 
d > 3 in this solution is the existence of the three vectors l,k,m. 
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Some papers solve the Calderon problem in dimension two with various 
assumptions. Namely Kohn and Vogelius [K-V I] [K-V II], Alessandrini [Al], 
Nachman [Na] and finally Astala and Paivarinta [A, P]. Of these the first 
three require the conductivity to be piecewise analytic. Nachman required 
two derivatives to convert the conductivity equation into the Schrodringer 
equation. The paper of Astala and Paivarinta solved Calderon 's problem 
most generally: there were no requirements on the smoothness of the con- 
ductivity. It just had to be bounded away from zero and infinity, which is 
physically realistic. 

There are also some results for the inverse boundary value problem of the 
Schrodinger equation whose potential is not assumed to be of the conductivity 
type. Jerison and Kenig proved in [J, K] that if g G I^(fi), p > f , c? > 3, 
then the Dirichlet-to-Neumann map Aq determines the potential q uniquely. 
The case d = 2 was open until the paper of Bukhgeim. He introduced in [B] 
new kinds of solutions to the Schrodinger equation, which allow the use of 
stationary phase. This led to the elegant solution of this long standing open 
problem. There is a point in the reasoning that is difficult to understand 
unless one assumes some differentiability for the potentials. In this thesis we 
try to clarify that point. 

After [B] the new results in two dimensions have concerned the case of 
partial data i.e. whether or not the boundary data given only on a subset 
of the boundary determines the potential. The two best results are from 
Imanuvilov, Uhlmann, Yamamoto [I,U,Yl and Guillarmou and Tzou [G, T]. 
In the first paper the authors consider the Schrodinger equation in a plane 
domain and in the second one on a Riemann surface with boundary. The 
results of both papers state that knowing the Cauchy data on any open subset 
on the boundary determines the potential uniquely if it is smooth enough. 
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4 Summary 



In this licentiate thesis we present a streamhned proof of Bukhgeim's theo- 
rem, which is the uniqueness result for the inverse problem of the Schrodinger 
equation in a plane domain. The thesis is mainly based on two sources. The 
first one is Bukhgeim's paper [B] presenting his result. The second one is a 
talk given by Kari Astala in a seminar of functional analysis at the University 
of Helsinki the 11*'^ and 18**' of September in 2008. He presented Bukhgeim's 
proof and pointed out a problem in the density argument. 

4.1 The result 

Bukhgeim's theorem claims that if g G L^^Q), p > 2 then the boundary data 
Cq for the Schrodinger equation Au + qu = in the unit disc on the plane 
determines q uniquely. Because of an unclarity described in section 7 we will 
only prove the theorem for piecewise W^'^ potentials. 

Theorem. If qi, q2 G W^'^{^), p > 2 and Cg^ = Cq^, then qi = q2. 

4.2 Sketch of the proof 

The proof is divided into three independent steps. First we see that if qi and 
q2 are two potentials giving the same boundary measurements then 



for solutions Uj of the Schrodinger equations Auj + qjUj — 0. The idea for 
this kind of orthogonality relation first appeared in Calderon's paper [C]. 

The next step is to show the existence of solutions Uj which could give 
information about qi — q2 when plugged into the orthogonality relation (8). 
One idea would be to create solutions such that uiU2 would be localized near 
some given point. Unfortunately because of maximum principles these kinds 
of solutions do not work for a large class of potentials qj. 

A more fruitful approach is to use the stationary phase method, i.e. to 
create solutions that oscillate wildly everywhere except near a given point 
2^0 e fi. Thus the solution is zero in the mean everywhere except at zq. These 
solutions with the relation (8) would tell us that qi{zo) — q2{zo). The last 
step consists of proving this claim. 

The technical details are a bit more involved. Bukhgeim's ingenuity was 



to look for solutions of the form til = e***^^ ^°)^(l-|-r), ti2 = e*"*^^ ^°)^(l-|-s). To 




(8) 
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show the existence he used methods from [V]. With the help of an auxihary 
function g he does the reduction 

where R — {z — zoY + {z — ZoY. Then he transforms this into an integral 
equations by using the Cauchy operator ^ to get 

/ = 1 - l^(e-*"^^(e™^g/)) . (10) 

To prove the existence of the solutions it remains to show that this operator 
is a contraction in a suitable Banach space when n is large. 

The last step of the whole proof is to show that the stationary phase 
method really works. After plugging the solutions gotten before into the 
orthogonality relation (8) we get 

/ e'^''{q,-q2){l + rn)dm = 0, (11) 
Jn 

where the Holder norm of r„ tends to zero. This step has two stages. First 
we show that J ^e^"'^fdm tends to / when n grows. Then it remains to 
show that the remainder term r„ causes no problems. 
Bukhgeim showed that if a is differentiable then 

/ — e'"^adm^a(zo) (12) 
Jn TT 

and that the term with r„ tends to zero. Unfortunately this does not imply 
the same for a = qi — q2 E LP{fl) even though C^(fi) is dense in 1^(0). For 
a more in-depth analysis of this unclarity see section 7. 

By assuming qi and q2 to be piecewise in W^'P{fl), p > 2 and it is possible 
to see that the stationary phase method works here. Basically it meant clean- 
ing up Bukhgeim's paper of redundant argumentations and proving norm 
estimates for the stationary phase instead of using pointwise limits. Note 
that when p > 2 the Sobolev space W^'^{Q) embeds into the Holder space 
C'-p{fl), so the case of singular potentials remains open. 
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5 Three steps 



This section contains the three main theorems used to prove the solvabihty 
of the inverse problem for the Schrodinger equation. First we show an 
orthogonahty relation between solutions of the Schrodinger equations corre- 
sponding to potentials giving the same boundary data. The goal of the sec- 
ond subsection is to prove norm estimates guaranteeing that the stationary 
phase method works. The last subsection is devoted to proving the existence 
of suitably oscillating solutions to the Schrodinger equation. 

5.1 Orthogonality 

In this part we will define the set of boundary data corresponding to a poten- 
tial q and show that there is an orthogonality relation between solutions of 
Schrodinger equations having the same boundary data. The approach is well 
known now. According to an overview on inverse boundary value problems 
written by Sylvester [S] a variation of this relation first appeared in [C] and 
its modern form appeared in [Al]. 

First we define the boundary values and normal derivative of a W'^''^{Vt) 
function. This is needed only to define the boundary data of the Schrodinger 
equation, so we may use quite sloppy norm estimates. The continuity of the 
trace mapping : u ^ u\qq is proved in [E, ch. 5.5, thm 1]. Because Q is 
the unit disc we may define the normal derivative dnU explicitly. 

Lemma 5.1.1. The differential operator 9„ : Vr^'^(n) — )■ LP{dQ) mapping 
u to its normal derivative on the boundary dnu{z) — Yl^=i ^ ^j'^i^) 
hounded when 1 < p < oo. 

Proof. The trace mapping Tr : W^''^{VL) — )■ U'{dVL) is bounded [E, ch. 5.5, 
thm 1] and so are the partial derivatives dj : W'^'^\Q) — )■ W^'P{Q). The 
functions z ^ Zj from dQ to M are bounded, so the multiplication operator 
ruj : u ^ ZjU is bounded in U'{dQ). Thus 9„ is bounded as a sum of the 
bounded maps m^- o Tr o dj : W^'P{n) U>{dn) . □ 

Now we can define the boundary data for the Schrodinger equation. By 
defining the set of boundary data instead of the Dirichlet-to-Neumann map 
we avoid problems arising from the possible nonuniqueness of the Cauchy 
problem -\- qu — Q, Tru — f. 

Definition 5.1.2. Given a measurable function q : fl ^ C, we define by 

Cg ^{(Tru, dnu) I u e W'^'P{n), Au + qu^ O} (13) 
the Cauchy data or boundary data given by the potential q. 
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Our next task is to prove the orthogonality relation. The idea is to first 
transform /^(q'l — (l2)u\U2 into an integral over the boundary dVl. Then we 
show an integration by parts formula on the boundary. To finish we use the 
fact that the boundary data for both Schrodinger equations are the same. 
This will cancel out the boundary integral. 

Lemma 5.1.3. Let qi and q2 be measurable functions fl ^ C If Ui,U2 G 
W^'P{fl), 2 < p < oo satisfy the equations 



Aui + gi^i — 
Au2 + q2U2 = ' 



(14) 



then 



{qi - q2)uiU2 d'm{z) ^ / UidnU2 - U2dnUida{z). (15) 
Jn Jan 

Proof. Note that (gi — q2)uiU2 = UiAu2 — U2AU1 and A = df + 9|. Be- 
cause ui,U2 G W'^'^{Q), p > 2 we have ui,U2,dkUi,dkU2 G W^''^{Q). Using 
integration by parts (lemma 8.2) to the function pairs {ui,diU2), {ui,d2U2), 
{diUi,U2) and {d2Ui,U2) we get 

/ {qi ~ q2)uiU2dm = / {uiAu2 — U2Aui)dm 

= nk{uidkU2 - U2dkUi)da - / {dkUidkU2 - dkU2dkUi)dm (16) 

fc=i Jan Jn 

= / {uiTi ■ Vu2 — U2n ■ Vui)da = / {uidnU2 — U2dnUi)da. 
Jan Jan 

□ 

Corollary 5.1.4. If q : Q ^ <C is measurable and the functions u,v & 
W'^'P{fl), 2 < p < 00, satisfy Au + qu = and Av + qv = 0, then 

/ udnvda{z)— I vdnuda{z). (17) 
Jan Jan 

Proof. Choose qi — q2 — q 'va. the previous lemma. □ 

Theorem 5.1.5. Let qi,q2 ■ ^ C be two measurable potentials such that 
Cq^ — Cq^. Then if ui,U2 G W^'^{fl), 2 < p < 00, satisfy Aui + qiUi — 
and Au2 + q2U2 — 0, they also satisfy 

/ (qi - q2)uiU2 dm{z) = 0. (18) 
Jn 
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Proof. By lemma 5.1.3 f^{qi — q2)uiU2dm{z) = jQ^UidnU2 — U2dnUida{z). 
Now let U2 e W'^'P{Q) be a solution to the Cauchy problem 

'AU2 + q2U2 = 

U2\dn = uiidn (19) 

dnU2 = dnUi 

We know that {ui\gci, dnUi) e Cq^ so it is also in Cq^. Thus U2 exists. 
By U2\d€i — Ui\QQ, and corollary 5.1.4 we have 

/ UidnU2da{z) = / U2dnU2da{z) = I U2dnU2da{z). (20) 

JdO. Jdn JdCl 

All in all 

/ {Qi - Q2)uiU2 dm{z) = / U2dnU2 - U2dnUi da{z) = 0, (21) 
because U2 was chosen such that dnU2 — dnUi. □ 
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5.2 Stationary phase method 

The purpose of this part is to show that the stationary phase method works 
in this setting. In the previous section we proved the orthogonahty relation 
/ {Qi ~ Q2)uiU2 — 0. In section 5.3 we will show the existence of solutions 
of the form ui = e*"*^^"^") _|_ j.^^ = e™(^~^«) (1 + s) with the remainder 
terms r and s depending on zq and n. Thus in this section we need to study 
oscillatory integral operators of the form / J 6^^^^'^''^°^ f{z)gn{z, Zo)dm{z), 
with {z- zof + {z- z^)^. 

The main idea is to note that e*"^ is a Gaussian kernel. The Fourier 
transform of a Gaussian is also a Gaussian and the convolution operator 
transforms into multiplication. The theory of Fourier multipliers is trivial 
because of Parseval's theorem. Thus Fourier analysis describes completely 
the behaviour of the main term J e*"^(gi — q2)dm. 

Problems arise from the remainder term. The remaining part of the 
oscillating solution decays like ^ (3 g]0, 1[. Unfortunately the main part 
has to be multiplied by n to give information about the potentials. This 
prevents the use of the triangle inequality naively because the remaining 
integral would grow to infinity. Also, the remainder depends on zq and n so 
it could cancel out oscillations of the kernel e*"^. To solve these issues we 
need to assume some smoothness for the potentials. Then we may integrate 
by parts to get rid of the factor n. 

Handling the remainder term is the only place where the potentials need 
to have some smoothness. If one would hke to solve the inverse problem more 
generally using methods based on Bukhgeim's proof, one only needs to prove 
a better estimate instead of theorem 5.2.6. 

In the first part of this section we prove that the Fourier transform of a 
two-dimensional complex Gaussian kernel is also a complex Gaussian kernel. 
To do this we need the Fourier transform of a one-dimensional Gaussian and 
the Cauchy integral theorem. We assume that the reader knows some basic 
facts about analytic functions and Fourier transforms of tempered distribu- 
tions. We choose the following form for the transform: 

Definition 5.2.1. The Fourier transform and its inverse mapping 
to itself, are defined by the formulae 



(22) 



where d is the dimension of the space. These are well defined. For proofs 
and other properties we will use see [E, Section 4.3.1. thms 1, 2]. 
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Lemma 5.2.2. If c > then the Fourier transform of t ^ e is the 
mapping ^ i->- Z^^'^^. 

Proof. This is a direct calculation using Cauchy's integral theorem. Let c > 
and leR. Then 

V27r J-oo v27r ,/-oo 

= -e-i^ re-^'^^^ds = ^e-i e^^dx. (23) 

1 

by Cauchy's integral theorem. This is justified because the function given by 

2 

z is analytic and for any A G M we have 



/s+iA ps+iA /-s+iA 

e-''dz < / \e-''\da{z) = / e^'-''da{z) = \A\e' 
J s J s 



(24) 



which tends to zero when s — > oo or s — > — oo along the real line. □ 

Lemma 5.2.3. For each nonzero n G M the function : C — )■ C, given by 
Kn{z) = ^e*"^^ +^ Ms a tempered distribution and 

sgn(n) _,£!±l! 

«n(e) = (25) 

Proof. The function /t„ is bounded and measurable so it is a tempered dis- 
tribution. Let ip G o5^(M) be a Schwartz test function. Note that by the 
previous lemma (5.2.2) if c > then 



/ 



e-4^p(t)dt= [ -Le-i^(^)d^. (26) 



Let us choose a branch of the square root in the complex plane such that 
arg G ]~f)f]- Now both sides of the previous equation are analytic 
functions of c in the right half-plane 0le(c) > 0. Thus they are also equal in 
the right half-plane. 

Let (t>,'4> ^ ^(R) be two Schwartz test functions. By Fubini's theorem 
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and dominated convergence 

[ e^<^'+^'\<P{Cim2))\z)dm{z) = [ e^'^^^'-y'^${x)i;{y)dm{x,y) 
Jc Jr'^ 

/OO /*CxD 
-OO J —OO 

2 2 



r 

= lim / 

1 r°° a 1 si '^^v 

e^o+ ^2e - lAn J-^ V2e + tin J_oo 



1 T /"CXD 2 2 

V|4n| v^|4n| J-oo 



4|n| 

so ^{ ^e^n(.2+j2) I ^ s^g_iili|l _ Q 

Now we have all the ingredients to study the oscillatory integral operator 
/!-)■/ ne^'^^fdm. When apphed to {qi — q2){l + r){l + s) we must use 
different methods to the principal term (gi — ^2) and the remainder terms 
ic[i—Q2){r + s + rs) because the latter depends on both variables of the kernel 

Theorem 5.2.4. Let n > 0. Then the operator defined by 

Tnfizo) = [ ^e-((^-^°)'+(^-^)') f{z) dm{z) (28) 

maps L'^iyt) to L'^{C) isometrically and its Fourier transform is given by 
'^{Tnf}{0 = ^~^~^^f{0! where f is extended as zero outside ofQ. 



Proof. We expand / to C by choosing / = in C \ Now we can in- 
terpret Tnf as the convolution Hn* f ■ Because / is compactly supported 
the convolution gives a tempered distribution whose Fourier transform is 

^{Tnfm = 27r«;/(0 = e-^4#/(0 by lemma 5.2.3. 

By Parseval's theorem and the fact that + ^ e IR we get 

rn/|L2(c) = ll=^{rn/}|L2(c) - h-'^MW) - l|/(0|L.(C) (29) 

= ||/IU2(C) = ||/IU2(n), 
because supp f cQ. □ 
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The next theorem shows that the stationary phase method works for 
potentials. The argumentation is similar to the one in the previous theorem. 
These two theorems describe completely the behaviour of the principal term 
of the oscillatory integral. 

Theorem 5.2.5. Let f e LP{n), p>2. Then 

JQ TT 

in L^(Q) when n — V oo. 

Proof. Because ^2 is bounded / is in L'^{Q,). The previous theorem gives 
Tnf\Q. e -L^(Jl). By continuing / as zero outside Q, we may interpret T„/ as 
the convolution «;„ * /. By Parseval's theorem and dominated convergence 

ll-/'~^"-/'llz,2(r2) = 11/ - '^n * - 11/ ~ * /|ll,2(c) 

J c 

when 11 — > oo. □ 



The last theorem of this section is the most technical. In it we prove 
that the remaining terms of the oscillatory integral cause no problems. Note 
that this theorem is the only place in this thesis where we must assume some 
smoothness on the potentials qj of the Schrodinger equations Am + qjU = 0. 
The reason to require smoothness is to be able to integrate by parts to get 
rid of the growing factor n. 

The proof contains some of the ideas of Bukhgeim's lemma 3.4, which is 
the most difficult one in his paper [B]. The rest is in lemma 5.3.12 where we 
show that the Sobolev norms of the remainder terms tend to zero. 

Theorem 5.2.6. Let2 < p < oo, q E W^'^{n) and let {g^^ e W^'P{n) \ Zq G 
Q} be a family of functions measurable in {z,zo). Then 



^ m((z-^o)^+(^-2o)2), 



L2(a,zo) 



< ^lkllw^i-f(n)esssup||i?^J|H^i,p(f2), (32) 

where P is a polynomial function of the lengths of the boundaries dflj and 
the Sobolev embedding^ constants in ||/||ci-2/p(TF) — ^p,j\\f\\w^-p(aj)- Here we 
denoted by ftj the Lipschitz pieces where q is W^'^ smooth. 



^See [Gr, thms 1.4.3.1, 1.4.4.1]. 
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Proof. Because Q is bounded we may assume that p < oo. Denote R—{z — 
ZoT + i^ — z^Y and a — 1 — ^ e ]0, 1[. Take a finite number of pairwise disjoint 
open sets Qj C Q with Lipschitz boundary such that qj — q\n^ e VF^'^(Jlj) 
and fl — Liflj. First we get 



2n f 2n 

—e'''^q{z)g,,{z)dm{z)= / —e'''^q{z){g,,{z)-g,,{zo))dm{^ 



r 2n 

+ 9zo{zo) / —e''''^q{z)dm{z). 



(33) 



The second term is easy. By theorem 5.2.4 we get 

2n 



—e'''^q{z)dm{z) 



< ess sup 1 1 5(^0 1 

zoE^ 



- — - 

\q\\2 < TT^ P 



< ess sup 1 1 J loo 
l^llpcss sup||5(^J|„ 

zoECI 



2^ in R 1 

— e'^^^qdm 



(34) 



U - 



We wish to integrate the first term by parts. Note that 2ine^'^^ 
Zo)~^de^"-^ and e^"-^ e W^'°°{n). To be able to integrate by parts (lemma 
8.2) we need to show that gj(-g) ^'°^^]lg°^^°^ is in W^'^+'iQj) for some e > 

given Zo. Denote F = and note that e W^^'f (Q) C C°^(n) by 

Sobolev embedding. Now in the distributional sense 



^ ^ ^.o(^)-^.o(^o) g ^a(^) for 1 < a < ^ 



1 — q; 



^ gg^ _ 9zo{z) - gz^ jzo) fo, 1 < , < _ 

z-zo {z-zoY ^ ' - 2 

9F=^eL»(f))forl<a<(l + l)-^ = ^, 
z-Zo ^ ^ - 2' p + 2' 



a 



_2p_ 
p + 2' 



(35) 



so F e L«i(n) for 1 < oi < p, e L«2(Q) for 1 < 02 < ^ and ?j e 



2+p 

W^'P{nj) C L°°(Qj) by Sobolev embedding (see [Gr, thms 1.4.3.1, 1.4.4.1]). 
Thus qjF G L'^i(fij) for 1 < ai < p and dk{gF) = {dkg)F + ^^^F G L^(l^j) 
for r such that i > i + — and r < ao. Taking r < ^ satisfies the first 
condition. Because p > 2 it is possible to choose 1 < r < min(|,a2). Thus 
qjF G W^'^{Qj) for some r > 1 and we may integrate by parts. 

In the next estimate we split the area of integration into pieces where 
q is W^'^ smooth, integrate by parts in each piece, and then use Holder 
inequalities to get g^^ , qj and dqj out of the integral. The second to last term 
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requires p > 2: the function 1^ — zo|^" is integrable if and only if p > 2. 

2n 



m 



e''''^q{z){g,,{z) - g,,{zo))dm{ 

7 = 1 "'^i 



7=1 "^^J 



- ^o) 



dm{z] 



1 



+ Ell- 

^ II TT? 

m ^ 

+ Ell- 

^ II TT' 

+EII- 



- zoy 



a,- 



^ - ^0 



i2(n,zo) 



< V'esssupllsf^Jlallgjlloo t;- / 1^; - ^or"^c?o-(^) 



+ ^esssup\\g,Ja\\qj\l 



m 



TT 



l^; — 2;o|" dm{z) 



LHn,zo) 

1/p' 



+ Vesssup||c/;jJ|a||%||p -( / \z - zq\^''~^^p' dm{z)) 
+ V'esssupll^sr^JIpllgfjIloo -( [ \z - Zol'P'dmiz)) 



(36) 
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where p ^ -\-p' ^ = 1. By lemma 8.4 and some simple arithmetic 

1 



]- [ \z-zor^da(z) 



271 

1 



< —J-a(dQA, 
L2(n,zo) - 27rV a ^ 



1 

1 

TT 



-2 — -^oT ^dm{z 
\z - Zo\^''-^'>P' dm{z)^ 



W 



< 



a 



(/ \z-z.r'dmiz)) 



i/p' 



(37) 



To finish we use the inequalities Hc^gjUp < ||?||vK^'''(n) Sobolev em- 

bedding to get llg^lloo < kjWc-in-) < Ep,j\\qj\\w^,P(n.) < Epj\\q\\^^,p^^.^ and 
hzoWa, \\dgzo\\p, \\dgzo\\p < EpWg^^Ww^p^^^)- □ 
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5.3 Existence of suitable solutions 

Next we will show that the Schrodinger equation has special kinds of oscil- 
lating solutions. The main point is to find solutions which, when plugged 
into the orthogonality relation (18), give the convolution kernel which 
was studied in lemma 5.2.3 and theorem 5.2.4, and some error terms. 

To find the special solutions we factor the Laplacian and transform the 
Schrodinger equation into an integral equation. In the plane the Laplacian 
factors into A = Add. This gives a hint that the kernel Kn ~ uiU2 of 
the integral operator T„ should also be factored into a holomorphic and an 
antiholomorphic^ part. Thus following Bukhgeim's idea we seek solutions of 
the forms Ui ^ qM^-^o) q^^^ ^m^z-zo) ^ 

The integral equation will have the form of a fixed point equation. To 
prove that it has a solution we will show that for big n the operator is 
a contraction in the Holder space C"(Q), a — 1 — ^. To show this we will 
integrate by parts inside a Cauchy operator. Its kernel has a singularity which 
we must remove using a suitable cut-off function. We start by constructing 
it and calculating some norm bounds. 



Lemma 5.3.1. Define 7 : M ^ M as 




Then g and j are in C°°(M). Moreover 

1- < 7 < 1, 

2. 7(x) = 1 44> X < 1, 

3. 7(x) = <^ X > 2, 

4- ||7lU°°(R) = 1 and ||7'||loo(r) < 8e. 

function u is holomorphic \i du = Q and antiholomorphic if du = 0. 



20 



Proof. We take it as a well known fact that g is smooth. Thus 7 is smooth if 
the denominator is never zero. Let us find a lower bound for g{2—x)+g{x—l). 

The function g is always non-negative. Thus g{2 — x) + g{x — 1) > 
max{(7(2 — x),g{x — 1)}. Because g is increasing, g{2 — x) is decreasing 
and g{x — 1) increasing. We have g{2 — x) > g{x — 1) -v^^ a; < | and thus 
max{g{2—x),g{x — l)} > cjf(2 — |) = c/(|) = e~^. This implies the smoothness 
of 7. 

Because g{x) > for all a; 6 M, we have either 7(.t) = 0, or j{x) = 
(1 + g{x — l)/g{2 — x)) ^ < 1, so property 1 holds. Also 7(2;) = 1 if and 
only if g{x — 1) = which means that x < 1. Moreover 7(3;) = if and only 
ii g{2 — x) — so X > 2. Thus properties 2 and 3 hold. 

Properties 1 and 2 imply ||7||lcx.(]k) = 1. Clearly ^ (x) — ii x ^ ]1,2[. If 
1 <x <2, then 



|7 {X) 



-g'{2-x)g{x-l)-g{2-x)g'{x-l) 



{g{2 - x) + g{x - 1))' 



(39) 



^ 2||5'||l°°go,i[)||5'1Iloo(]o,i[) _ 2 • e ^ ■ Ae _ 



mm (^g{2 — x) + g{x — l)y ^ ^ 

□ 

Next we build the cut-off function. The integral operator whose fixed 
point we wish to find will have weights of the form (2; — 2:0)"^ after integration 
by parts. Thus we will also need some norm estimates for h{z — Zq)^^ and 
its derivative, where h is the cut-off function. We will use a mean value 
inequality of the form "if Q, is convex and / e C^(f2, C) then \f{x) — f{y)\ < 
II I V/l ||^|x — which is easily reduced to the case of a real function on an 
interval. 

Lemma 5.3.2. Let G and 1 > 5 > 0. Then there exists a test function 
h e C^{Q) which has the properties 

1. < /i < 1, 

2. h{z) — when \z — Zq\ < |, 

3. h{z) — 1 when 5 < \z — zo\ and \z\ < 1 — 5, 

4. Ifl5:={zen \ h{z) ^ 1}, then m{U) < 2^5. 

f: II h II II h II ^ 2 II h II II h II ^ 200 

Proof. Take 7 as in the previous lemma. 
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Define 75(2;) = 1 - -f{^\z - Zo\). 
Now < 75 < 1, 75(-2) = when 
\z — zo| < I and 75(2;) — 1 when 

To get h compactly supported 

take7BW=7(|(k|-(l-5))+l)- 
Now < 7b < 1, 7b (-2) = when 
\z\ > 1 — I and ^b{z) — 1 when 
1^1 < 1-5. 

Finally we define 




hiz) = js{zhBiz). (40) 



Properties 1, 2 and 3 are now sat- 
isfied and h G C^{Q). Moreover 

,2 I 



m(^) < TT - 7r(l - 6y + nS^ = 2nS. 



To prove the last claim we need to calculate the norms of h. This is 
done using the two-dimensional chain rule and the estimates of the previous 
lemma for 7. 



< II75I 



|7b| 



1 



|V/i| = |7bV75 + 75V7b| < IV75I + |V7b| 

V7(^k-^o|)| + |v7(^(k|-(l-5))+l) 



2{x - Xo,y -yo) ,f2 



-7 



(41) 



+ 



< - 



i¥va(N-(-^))-) 



i7 



32e 96 



To calculate the Lipschitz norms of h{z — zq) ^ we will use the mean value 
inequality. Note that h{z) — when — 2;o| < S/2. This gives us the 
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estimates 
h 

Z- Zo 

h 



z- Zo 



< 



z — zq c^{n) 
2 

< - + sup 
k-zo|>| 



h 



Z- Zo 

. Hz) 



z - Zo 



\z - Zo\ 

+ sup 
2 

< - 



L°°(Q\B(zo,5/2)) 5' 







Zl-20 


Z2-Z0 




Z2\ 



(42) 



+ 



oo sup 

k-zol>| 



- ZoY' {Z - Zof' 







1 


) 


+ sup 








Z- Zo 


k-zo|>| 





\Vh{z) 



2 4\/2 2 96 200 
< - + — 1 h < . 

-5 (9 5 5 - 52 

The estimate for the Lipschitz norm of h{z — zq)'^ is deduced similarly. □ 

How to reduce the Schrodinger equation Art + qu — into an integral 
equation? In fact we want to solve for the remainder terms / and g in 

the equations Aui + qiUi = 0, Ui = e*"^^"^") (1 + /) and Au2 + q2U2 = 0, 
U2 = e*"*^^^^") (1 + g). We will consider the first equation with a generic 
potential q and later on, starting in theorem 5.3.9, we take qi, q2 and the 
complex conjugate in the exponential into account. 

Write t/j — {z — zq^, u — e^'^'^w and plug it into Am + qu = 0. In the 



Add, so we get 49(e*"'^'9u;) 



qe 



plane we have the formula A 
we denote V — e^'^^dw we get a system of first order equations 



irnP^ ^ 0. If 



dV = -ige^^^w 



The problem here is that |e '^'''1 grows too fast when n 
solved by choosing V — e~^"''^v to get 

dw — e 
dv — - 



-inR„ 



■jqe^'^^w 



(43) 

00. This can be 
(44) 



Remember that we denote R = {z — zo)^ + {z — Zo)^ 
pair of equations we need the Cauchy operators. 



-T-2 



+ ip . To solve this 
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Definition 5.3.3. The Cauchy operators map a given function / to 

the functions 

= - / ^,dm{i\ Wf{z) ^ - I ^dm{il (45) 

defined on the points where the integrals converge. Also, the Beurling oper- 
ators n, n are defined as the principal value integrals 

n/(^) = -ip.v. / 7/^rfm(0, n/(z) = -Ip.v. / -^cim(0. 

in - Jn{z- 

(46) 

Theorem 5.3.4. The operators ^ H, 11 have the following properties (all 
differentiations are done weakly): 

1. If f e L\n) then dWf = d^f = /. 

2. If f e f\9n = and df G LP{n) or df e LP{n), 2 < p < oo, 
then respectively ^df = f or ^df = f . 

3. Iffe LP{n), p>l, then d^f = Uf and Mf = TT/. 

4- The operators ^,^,11 and IT are bounded in LP{Q), 1 < p < oo. // 
2<p<oo, a^l-^, then : Lp(0) ^"(0) are bounded. 

5. If 2 < p < oo, a — 1 — ^ then 

r/IUII^/llp<Gpll/llp, 

||^/||a,||<^/|U<C«||/||p, (47) 

||n/||„||n/||,<s,||/||,, 

for some Ca, Cp, Bp < oo. 

Remark 5.3.5. Note that the and norms are taken only in fl unless 
otherwise specified. 

Proof. The results follow from theorems 1.14, 1.19, the remark after 1.20, 
theorem 1.35 and chapter I, section 9 in [V]. □ 

Using property 1 we can solve the pair of equations (44) . It is easily seen 
that df = g is equivalent to f = go + ^g for some holomorphic go. If we 
wanted to find all the solutions of the system, we would need to express go 
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with the help of boundary values of /. This is not needed since we are only 
interested in finding some solutions. Thus we may choose Qq as wc wish. 

For dv = —jqe^'^^w we take the solution v = — i'^(e*"'^gw) and for 
dw = e~*"^t> we choose the solution w = 1 + ^{e~'^^^v). By combining these 
two we get an integral equation for w of the form 

w^l- ^^(e-^"-^^(e'"^gw)) . (48) 

We will show that the operator on the right hand side is a contraction in 
a suitable Holder space. To prove that, we need to have an estimate for 
the Holder norm of e*"^. We will also need to integrate by parts at some 
point to take advantage of the oscillations of e^'^^. Note that the operator is 
composition of operators of the form '^(e='=*"^-). We will prove an integration 
by parts formula for those. 

Lemma 5.3.6. If n> 1, zq ^Q. and a e]0, 1[ then 

||e*"^||a < lln". (49) 

Proof. For positive r the inequality r < cr" holds if and only if r < c , so 
1^1 — z^l < n'^~^\zi — when l-^i — < n"^ . By a two dimensional mean 
value inequality we get 



sup i 



a 



^ ^"P \ Va ^+ \ 

z\,zi^o. pi ~ zi,z2en \Z\ — Zi\ 

\z\—zi\<n~^ \z\—zi\>n~^ 

< sup \\4in{z - ^o)e'"^^^^|Uoc(n) ~ + sup ^ 

2i,z2en \zi — Z2\ zi,z2eci pi — ^2! 

\zi—Z2\<n~^ \zi—Z2\>n~^ 



(50) 

Note that R{z) G M. Thus 

||gmJ?(2)||^ < ||e^"-^(^)||oo + 10n° = 1 + lOn" < lln". (51) 

□ 
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Lemma 5.3.7. Ifn > 0, g E C{Q), g\QQ — Q,zqE fi\supp g and dg e U'{Q) 
or dg e LP{Q), 2 < p < oo, then respectively 



Qiin V z — Zq z — Zq ) 

^ ' 2in \ Z — Zn ^ Z — Zn ) 



or 

(52) 



Proof. Let's prove the case dg e Lp{Q). Because Zq ^ supp(7 we may differ- 
entiate weakly to get 

QU±inR_Si_\ ^ ±2me±*"^^ + e±'"^a^^. (53) 

^ Z-Zq^ Z-Zq 

Because zq ^ suppgi, g e C(0) and dg e L'^iVt) tlie last two terms are in 
i/(J7), and thus also the first one. We may use the Cauchy operator. Note 
that e^'^'^^gj (z — ^) is continuous and vanishes at the boundary. We get the 
formula 

^{f^^g) = ^L±^nR_9_ _ ^ i^^±^nRQ _^^\ ^54) 
Qiin \ Z — Zq Z — Zq / 

by property 2 in 5.3.4. The case dg e Lp{Q) can be proven similarly. □ 

Our next task is to prove that the integral operator of the fixed point 
equation (48) is a contraction in C°'{fl), where a = 1 — |. The next lemma 
is the non-trivial part of the proof. It is basically an integration by parts ar- 
gument combined with the use of the cut-off function we constructed earlier. 

Lemma 5.3.8. Let 2 < p < oo, a = 1 - ^, zq e and n> 1. If g e C"(fi) 
and dg G L^{Q) or dg G L^{fi), then respectively 

||<^(e-^"''^) L < + n)n-^ {\\g\U + \\dg\\p) , or ^^^^ 

F(e-^"«(?) < 400(C« + n)n-^ {\\g\\a + \\dg\\p). 

Proof. Let us prove the case dg G Lp{Q) first. Let < 6 < 1 and take h as 
given by lemma 5.3.2. Now zq ^ supp(/igi), kg G C{fl), it vanishes on dfl 
and d{hg) G U\Q) so by lemma 5.3.7 we can integrate by parts to get 

^(e-*"«^) = ^(e*"«(l - h)g) + ^{e-'''%g) = ^(e-'"^(l - h)g) 

- l_i^e-"^B _ <^(g-«nR^(_^)^) _ <^(e-n«_^^^)y (^6) 



Zq Z — Zq Z — Zq 
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Next we will use the inequalities on the right 
and the fact that ||e-'"-^||a < Hn". The 
terms involving h are estimated using lemma 
5.3.2. Note that n"^ < n^^/P and 5"^ < S'"^ 
because p > 2 and 5 < 1, so 



< C 

,4"< l^is)yHf\\c 



\ab\\a < ||«IUII&IU 



< Ca{m{U) f^g\U + ^ (lln" ■ 2 ■ ^\\g\\a (57) 
+ C^^n'/P\\g\\^ + C^^\\dg\\,) 

< Ca{2ny/^S'/^\\g\U + 200(a + ll)r V/^(||^7|U + \\dg\\p) 

< 200(C„ + 11){5'/P + 5-'n-'/n {\\g\\^ + \\dg\\p). 

2 

Because n > 1 we may choose 5 = n ^p+i and get 

\\'^ie-'''''g)\l < 400(C„ + U)n-^{\\g\U + P^||p). (58) 

The estimate for the case dg e I/'(0) is deduced similarly. □ 

Theorem 5.3.9. Let 2 < p < oo, a — 1 — ^, Zq E Q, n > 1 and gi,?2 £ 
i;'(Q). T/ien for f e C°(n) w;e have 

||'^(e-"'^^(e''"%/))||^, ||^(e-*'^«<^(e™%/))||^ < Cn-™||/||^, (59) 
where C = 400(Ca + ll)(Ca + Bp) max(||gi||p, ||g2||p)- 

Proof. By the properties of the Cauchy and Beurling operators (theorem 
5.3.4) we knowjhat ^(e^^gj) and ^(e'"-f^g2/) are in C"(n). Moreover 
a¥(e*"^gi/) = n(e^"-^gi/) G LJ'(1]) and ^^(e^^-^gs/) = n(e^"-^g2/) e Lp(0). 
Thus wc may use lemma 5.3.8 and get 

||^(e— ^¥(e-V/))||^ < 400(C« + ll)n-^(p(e-V/)||^ 

_ 2 (60) 

+ ||n(e-V/)||,) < + ll)n-H™(C« + Bp)MMU 

The estimate for ^(e~*"^^(e*"^'^g2/)) is deduced similarly. □ 

Now we define the operator appearing in the right-hand side of the integral 
equation which defines the oscillating solutions to the Schrodinger equation. 
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Definition 5.3.10. Let 2 < p < oo, a = 1 - ^ and gi,g2 e Lp(Q) be 
the two potentials that we wish to prove equal. Let Zq & and n > 

/ p(2p+l) N _ 

max(l,(^Cj ^ 1 = Uq. We define the operators Sn^zoj^n,zo mapping 
C"(n) to itself by 

1_ (61) 
By theorem 5.3.9 and the inequality ||/||oo < ll/IU we have the norm 

— _ 2 

estimates IPn^zolU^ IPn.zolU < C'^t- ^^^^+^ < ^. The operators are thus 
contractions. It is also easily seen that the operators g i— > ^{^^"'^Qjg), 
g I— >■ '^{eT^^^qjg^ from L°°(0) to C"(0) are uniformly Lipschitz^ with respect 
to Zq. This implies the same property for Sn^^o ^^id Sn,zo- 

Our next goal is to solve the integral equations / = 1 + Sf and g = 1 + Sg 
and get some estimate for the remainder terms Sf and Sg. In the end we 
will also prove that using these / and g we get the right kind of solutions to 
the original equations Aii + qjU — 0. The next lemma shows that although 
we looked for solutions in a Holder space, the solutions are in fact smoother. 

Lemma 5.3.11. If2<p< oo, a = 1 — ^, Zq E fl and n> tiq the equations 

g^l + Sn,zo9 

have a unique solution in C"(r2) which depends continuously on zq. Moreover 
these functions are in W'^'^{Vt). 

Proof. The operators 1 + Sn,zo and 1 + Sn,za are contractions in C"(fi) that 
depend continuously on zq. By Banach's fixed point theorem (62) has a 
unique solution depending continuously on zq. 

Next we prove that / e l^^'^(Q). The proof for g is similar. We have the 



^We mean that the operator norm of the difference is bounded by the difference of their 
respective values of zq 
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equalities 

/^l_^<^(e— «^(e-%/)), 
df = -^e-*"^^(e*"^gi/), 

9/ = -^n(e--^^(e-V/)), 
ddf = Un{z - zo)e-"'''¥{e^''%f) - ^qj, (63) 
Wf = ^in{z - ^)e-^"«^(e^"V/) - ^e-^"^n(e^"V/), 
ddf = ^Il{in{z - ^o)e-^"^^(e— «gi/)) - ^n(gi/), 
9a/ = ^n(m(^-^)e-^"-^^(e*"V/)) - ^n(e-^'^^n(e*"V/)) . 

Note that / G L~((]) and so qif G i7(r]). The operators ^,^,n,n are 
bounded in 1^(0,), so < 1 + cn||/||Lcx,(f2) < oo for some c e R. □ 

Next we will prove the most technical lemma. It tells us that the Sobolev 
W^'^ norms of the remainder terms tend to zero when n grows. The con- 
vergence is uniform in Zq. The proof contains in principle half of the ideas 
of the proof of lemma 3.4 in [B]. The other half is in theorem 5.2.6. The 
argumentation is basically the same but here we avoid some redundancy. 

Lemma 5.3.12. Let 2 < p < oo, « = 1 — ^ and n > uq. For zq E Cl let 

/ = 1 + Sn,zof O'lT'd g = 1 + Sn^zoQ be the functions given in lemma 5.3.11. 
Then _ 

sup ||5'„,^o/||a — )■ 0, sup ||5'„,^ofi'IU — ^ 0> 

suppSn^^o/lloo — ^0, sup||aS'„,^„5(||oo — ^ 0, ^g4) 
s\x^\\dSn,zof\\p — > 0, s\x^\\dSn,zo9\\p — ^ 0> 

when n — V oo. 

Proof. We will prove the claim for /. The one for g is proven identically. 
Note that / e C°(Q). Because n > no we have ||5'„,2Q||a < \. Thus ||/||q, < 
1 + ||'S'„,^o/IU < 1 + |ll/lla so ll/lla < 2 for cvcry n > uq. This implies 

||^n,^o/lla < Cn-iKW 11/11, < 2Cn-^^ 0. (65) 
Note that C and no do not depend on zq. 
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The other hmits are not so trivial. We will first prove that 
tends to zero. For each zq E ^ and e > choose q^^zo ^ such that 



< mm 



2e 



■), Zq ^ suppq'j ^;, and it satisfies the bounds 
uniform in zq given explicitly in lemma 8.5. By the properties of the Cauchy 
and Beurling operators (thm 5.3.4) we get 

dSn,.J = -ln(e— «^(e^"«(gi - - ln(e— «¥(e*"«g,,,J)). (66) 

Note that 



||n(e-"^^(e^"^g/))||^ < B,\\^{e"^^Qf)\l < 2B,C,\\Q\\, (67) 

for every Q G L^{Q). Using this, the formula for the derivative and integra- 
tion by parts (thm 5.3.7) we get 

\\dSn,.jX < lB,C4q, - q,,J\, + li?J^(e»^,,,J) ||^ 



< e + 



<e + 



+ 



Bp 
?n 
Bp 

Sn 



BpCp 



AnR It,: 



Z- Zo 



Qe,zJ 



£,20 



8n 



Z- Zo 



BpCp 



00+ 



Z- Zq 



Z- Zo 



Z - Zo 



(68) 



Next note that \\df\\p = i||n(e--«^(e™%/)) ||p < \BpCp\\q4p 
, < 2 we get the estimate 



By 



sup \\dS,, 



n,zo 



Bp 

< e + — sup 
+ sup 



e,2o 



16n 



20 en 



Z- Zo 



+ 



BpCp 

sup 

4n zoen 



d- 



Z- Zo 



Z- Zo 



m\ 



p ■ 



(69) 



This tends to e when n grows because of the bounds given by lemma 8.5 for 
qe^zo- Since e was arbitrary, the limit is zero. 

The limit for dSn^^of follows quite similarly. By taking a smooth potential 
q^^zo ^^^^ Qi we get the same estimate as in (69) for H^jSn^^g/Hoo, except for 
different constants and that in the second term we have the L°° norm instead 
of the norm. □ 
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Theorem 5.3.13. Assume that qi,q2 £ LiP{^), 2 < p < oo, n > no and 

Zq e Q. Then there are solutions Uj G VF^'P(Q) to the Schrddinger equations 
Auj + qjUj — which have the form 

I (70) 

lim sup||r„,^J|vyi,p(n) = lim sup = 0. (71) 

Proof. Choose / and g as in lemma 5.3.11 and set Ui = e*"(^~^")^/, U2 = 
^in{z-z^fg_ Now rn,zo = Sn,zof and Sn,zo = Sn,zog Satisfy the estimate (71) by 
lemma 5.3.12. 

It is a direct calculation to see that the functions Uj satisfy the Schrodinger 
equation: 



Am = 4a9(e'"(^-^°)V) = 49(e^'^("-^«)'9(l - ^^(e-'"^^(e^"^gi/)) 

At; = 499(e^"(^-^)'^) = 49(e^'*(^-^°)'a(l - ^^(e-''*^^(e^"%^)))) 
= -a(e-^"(^-^°)V(e^"^g25)) = -e^"(^-^)'g25 = -q2V. 



(72) 



We know that f,g e W'^'P{Q) and e^"(^-^o)', e^"(^-^o)' e C°°(Q), so w and v 
are in □ 
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6 The proof 



All the ingredients for the main theorem are ready. The proof is very short 
since all the nontrivial lemmas were proven in the previous sections. Basically 
we plug the special oscillating solutions constructed in section 5.3 into the 
orthogonality relation = — (l2)uiU2 proven in section 5.1. Then we use 
the stationary phase method which was proven in section 5.2 to get qi — q2- 



Theorem 6.1. Let 2 < p < oo, qi,q2 G W^'^{Q) and Cq^ 
qi = ?2- 



Cq^ . Then 



Proof. Because fl is bounded we may assume that p < oo. Take uq as in 
definition 5.3.10. Then for each n > uq and zq e Q take the solutions 
u,v & Vr^'^(Q) of the Schrodinger equations as in theorem 5.3.13. This is 
possible because qi,q2 € W^'^{il) C By the orthogonality relation of 

theorem 5.1.5 we know that 

2n f f 2n 

0= — / {qi-q2)uvdm^ / — e^"^(?i - ga) (l + r„,,o) (l + Sn,.o)c?^, (73) 



9 



for every n> Uq and Zq E VL. 

Note that r„^^,| = / — 1 and s 
Zq by lemma 5.3.11. Denote Sn^zo 
embedding W^''^{Q) — )■ L°°{Q) we see that sup^^g^ 



1 are continuous with respect to 
n,zoSn,zo- By the Sobolcv 
^n,zo\\w^-p{n) — > when 



n grows because the same was true for rn,zo ^■nd Sn^zo by theorem 5.3.13. 

Next we use the stationary phase method theorems 5.2.5, 5.2.6 and the 
orthogonality relation proven in 5.1.5 to get 



\qi - q2\\2 = lim 

n—^oo 



2n 



lim 

n— >oo 



e*"-^(gi - q2)dm 

n TT 

— e^"'^(gi - q2)en,zodm 



L^{n,zo) 



L^{n,zo) 



< hm P||gi - g2||tyi,P(n) sup ||£„,^J|H^i,p(f2) = 0. 



(74) 



Thus qi = q2. 



□ 
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7 A closer look at Bukhgeim's paper 



We discuss an unclear argument in [B], namely is it enough to prove his for- 
mula [B, (3.34)] to get the result for potentials in WiVL)! We could only prove 
that the boundary data determines the potential uniquely if q is piecewise in 
W^''^, p > 2. We remark that before [B], even for C°° potentials, there were 
no global uniqueness results for the inverse problem of the 2D Schrodinger 
equation. After Bukhgeim's paper, recent results in 2D use his idea of hav- 
ing solutions whose phase functions are analytic with nondegenerate critical 
points. See for example [I,U,Y] and [G, T]. 

Claim (Bukhgeim 3.4.). The set 

G = {uiU2 I Uj given by lemma 5.3.13} (75) 

is dense in L^(Q) for 1 < q < oo. 

Next we will outline his proof. First he notes that 

U1U2 = e*"^(l + rn,zo + Sn,zo + rn,zoSn,zo), (76) 

where r„,^o = Sn,zJ = Y.T=iSn,zo'^ and s„,^„ = Sn,zo9 = Er=i^n,^ol- ^^^^ 
he tells that because C^{fl) is dense in it is enough to show that if a e 
C\n) and 



/ 

Jn 



auiU2 dm = (77) 

for every U1U2 G G then a = 0. After that he proves that if a is continuously 
differentiable, then 

f 2n 

lim / — auiU2 dm — a{zo) . (78) 

This he does by first showing that 2ne^^^adm — )■ T:a{zQ). Then he inte- 
grates by parts to show that the remaining terms tend to zero when n grows. 
The ideas of this last part have been the basis of lemma 5.3.12 and theorem 
5.2.6. 

It is unclear why it would be enough to assume that a is continuously 
differentiable. He does prove that C^{Vt) fl G"*" = {0}. But this does not 
imply that G is dense in unless some other properties of G are used. For 
example if is some discontinuous L^(Q) function and 

G = |/i e L2(1]) y /i0rfm = 0} = (span{0})^ (79) 

then G^ = ( (span {0} )-'-)"'" = span{0} because the latter is closed as a one 
dimensional subspace. Thus C\n) n = {0} but G = G L'^{n). 



33 



8 Appendix 



Note that in the next theorems the domain is not necessarily the unit disc f2 
but any bounded Lipschitz domain in M^. We use the definitions of [Gr] for 
Sobolev spaces on Lipschitz domains. The following is well defined according 
to [Ga]. 

Definition 8.1. Let X C be a bounded Lipschitz domain and let 1 < 
p < oo. Then the mapping TV : Lip{X) LP{dX), Tru — u\dx has a unique 
continuous extension from W^'P{X) to IJ'(X). It is called the trace operator 
ofW^'P{X). 

Theorem 8.2 (Intergration by parts). Let X C be a bounded Lipschitz 

domain. Given u G W^'P{X), v G W^''^{X) with 1 < p,q < oo, p~^ + g"^ = 1 
and k e {1,2}, we have the integration by parts formula 

/ udkV dm = / UkTruTrvda — / vdkU dm, (80) 

Jx JdX Jx 

where is the component number k of the outwards pointing unit normal 
vector of dX defined almost everywhere and Tr is the trace operator defined 
in 8.1. 

Proof. According to [Gr, thm 1.5.3.1] the proof is in [Ne, chp 3, thm 1.1]. 
Note that Grisvard did not tell if the claim holds forp,q'e{l,oo}. □ 

Theorem 8.3 (Sobolev embedding). Let X d "E? be a bounded Lipschitz 
domain, 2 < p < oo and a — 1 — ^. Then we have the continuous embedding 

W^'P{X) c C"(X), 

lkllc«{x) ^ -Ei>lkllwi'P(x)- (81) 
Proof. This is a consequence of theorems 1.4.4.1 and 1.4.3.1 in [Gr]. □ 

The next lemma is used only in the end of the proof of theorem 5.2.6. 
Lemma 8.4. Let X G ft be a Lipschitz domain, Zq & ^ and (3 > 0. Then 

[ \z- zo\-^dm{z) < [ \z\-^dm{z) = if P < 2, (82) 

Jn Jo, ^ ~ P 

and 



'n JdX 



1 /2 I 

\z-Zo\-^da{z)\^dm{zo)^ <a{dX)Jj^, < 1. (83) 
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Proof. First note that Jq\z — zo\ ^dm{z) — /^(^o i) l-^l ^dm{z). Define A = 
n n B{zo, 1), >li = Q \ B{zo, 1) and A2 = B{zq, 1) '\ Q. If z e A-i then |z| < 1 
so \z\~l^ > 1. If z E A2 then |2;| > 1 so < 1. Moreover 'm{Ai) — ■m{A2). 
Thus I 



A2 



B{zo,l) 



^dmiz) and so 



lm{z) < J^^ 
~^dm{z) = / \z\~^dm{z) + \z 



< 



\z\ 



-^d 



miz) 



A2 

z\~ 



^dm{z) 
^dm{z) = 



-^d 



miz) 



Also \z\-^dm{z) = J,^ /; r-^ ■ rdrda(e) = ^. 

The second claim follows from Minkowski's integral inequality and the 
first claim: 



( / I / \z-Zo\ '^da{z)\^dm{zo)) 
^ Jn Jan' ' 



1/2 



< 



an' 



\ 1/2 

Zq\''^" dm{z^^\ da{z) 



< 



an' 



2tt 



2-2/3 



da{z) = a{dn') 



IT 



1-/3' 



^5) 
□ 



because 2/3 < 2. 

This lemma is needed only in the proof of lemma 5.3.12. 

Lemma 8.5. Let 1 < p < 00, q E L^i^^), zq E Q and e > 0. Now there is a 
test function q^^zo G Co'i^) satisfying \\q - qe,zo\\p < e, zq ^ suppqe,zo and 



sup 



Z- Zo 



, sup 

00 z^en 



d- 



Z- Zq 



, sup 

00 2oef7 



d- 



< 00. 



(86) 



Proof. Let q^ E C^{Q) be such that \\q — qe\\p < f and q^ 7^ 0. Denote 
S = (_^^-|^)^ Let If E C°^(C) be such that ip{z) = when \z\ < | 
and (p{z) = 1 when \z\ > S. This can be constructed using the smooth step 
function of lemma 5.3.1. 

Now choose q^^zoiz) = 1e{.z)(f{z — Zq). Then 



Ik - (le,zX < Ik - <le\\p + \\qe{l " <^)||p < 2 + IkellcollXsuppa-^') ||p 



e 

^2 + 



(87) 



e. 



The three norm estimates are easy. It is enough to note that qe,zo{z) = if 
I2; — ^oj < f and 5 does not depend on zq. The only thing zq does is to shift 
the factor </?. Thus we get uniform bounds for the norms involving (p or its 
derivatives. □ 
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